Generation of two-mode entanglement between separated cavities 
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We propose a scheme for the generation of two-mode entangled states between two spatially 
separated cavities. It utilizes a two-level atom sequentially coupling to two high-Q cavities with a 
strong classical driving field. It is shown that by suitably choosing the intensities and detunings of 
the fields and coherent control of the dynamics, several different entangled states such as entangled 
coherent states and Bell states can be produced between the modes of the two cavities. 



00 

o 

O 



^ ■ 
^— > ■ 



> 

oo 
m 

cn 
o 

oo 
o 



X 
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The preparation of quantum entangled states continues 
attracting intense theoretical and experimental activities. 
These nonclassical states not only are utilized to test fun- 
damental quantum mechanical principles such as Bell's 
inequalities [l[ but also plays a central role in practical 
applications of quantum information processing such 
as quantum computation^ [3, quantum teleportationQ, 
and quantum cryptography 6] . In quantum optics the 
generation of various nonclassical states especially entan- 
gled states of electromagnetic fields is a central topic Q ■ 
In the context of cavity QED [1, H [l(| , experimental real- 
izations of the entanglement between two different modes 
sharing a single photon or t wo p olarized photons in a 
cavity have been reported [ll|, [Hf ■ ln recent years, great 
effort has been put into preparation of the Schrodinger 
cat states [U, 0] > where the extreme cat states are re- 
duced to mesoscopic quantum states with classical coun- 
terparts, i.e., coherent states. Recently, a method of gen- 
erating entangled coherent states [15| between different 
modes in a cavity has been presented (l6| . There are 
also several other proposals for producing entangled field 
states between different cavities [U H til IM EJ . 

In this paper, we propose a scheme for generating two- 
mode entangled states such as entangled coherent states 
and Bell states between two distant cavities. A two-level 
atom is sent sequentially into two spatially separated cav- 
ities, assisted by a strong classical driving field [l6|. We 
demonstrate that by suitably choosing the intensities and 
detunings of the fields and coherent control of the dynam- 
ics, several different entangled states such as entangled 
coherent states and Bell states can be produced between 
the two cavity modes. These entangled states of fields 
can have both fundamental applications in quantum me- 
chanics and practical applications in quantum informa- 
tion processing. With presently available experimental 
setups in cavity QED, this protocol can be implemented. 

This proposal consists of two distant high-Q cavities 
and a two- level atom, as sketched in Fig. 1. The atom 
sequentially couples to the cavities A and B (with cavity 
modes of frequencies of va arid Vb)i driving by a strong 
classical field (frequency Ul). The ground state of the 
atom is labeled as \g), and the excited state as |e). In each 
cavity, the transition \g) «-> |e) (transition frequency u>o) 
is coupled by the cavity mode with the coupling constants 
gA and <?s, respectively. Furthermore, a strong classical 




FIG. 1: Proposed experimental setup. A two-level atom se- 
quentially couples to two distant cavities A and B, driving by 
a strong classical field. 



field drives the same transition with a Rabi frequency 
Qa(Qb) in each step. The associated Hamiltonian for 
the dynamics in each cavity under the dipole and rotating 
wave approximation is given by (let h = 1) 



-fL(e' 



+g j {^a j +aa]),(j = A,B). 



(1) 



Where a = |<?)(e|, and — \e)(g\ are the atomic tran- 
sition operators; (ij and aj are the annihilation and cre- 
ation operators with respect to cavity j. In the following 
we assume that Qa, ^b, <7a, and gs are real for simplic- 
ity. 

The Hamiltonian of Eq. |T]) can be changed to a refer- 
ence frame rotating with the driving field frequency wj,, 



Hf = A<r T <7 + SjCi^hj + ttjia^ + a) 
+g j (^a j + aa]),(j = A,B), 



(2) 



with A = luq — lul and Sj = i/j — lul- In the following 
we will set A = for simplicity. We now switch to a 
new atomic basis |±) = (\g) ± |e))/V2- In the interaction 
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picture with respect to H° a = Sj&^aj + ^j(o^ + cr), we 
have the following Hamiltonian 

h]= f (l+X+M->H + e 2 ^|+)H 

_ e -«ni*|_)( + |)a j . e -«i* + H.c. (3) 

The Hamiltonian © is the starting point in the follow- 
ing discussions, from which we show that a variety of 
entangled states of the two distant cavities can be gen- 
erated through suitably choosing the detunings and light 
intensities. 

We first show how to produce the entangled coherent 
states between the two cavities. Assume that Qa^b) ^> 
{gA, &a{9b,&b)}, this strong driving condition can allow 
one to realize a rotating-wave approximation and neglect 
the fast oscillating terms. Now Hj reduces to 

Hj = |(|+)(+|-|-)(-|)(a je -«i* + a] e ^*) 

= 9 -l^ + a){a j e-^ + a)e i ^). (4) 

If we choose Sj — 0, this Hamiltonian corresponds to 
the simultaneous realization of Jaynes-Cummings (JC) 
[22|and anti- Jaynes-Cummings (AJC) interaction in each 
cavity. The evolution operator for the system is given by 

= b{ a] )\+){+\ + b{- aj )\-){-\, (5) 

with b(aj) = e aj ^~ aj * &j , and ay = -igjt/2. Assume 
that at the time t = the system is prepared in the 
ground state \g)\0) A \0) B = (|+) + |-))|0)a|0) b /V2, i.e., 
the atom stays in \g), and the two cavities are in the 
vacuum states. The atom enters cavity A and undergoes 
the dynamics of Eq. ([5]). The evolved state after a time 
tA will be 

-L(|+)|a) A + |-)|-a)^)|0) S) (6) 

where a = —ig A tA/2 for the case of 8a = 0. This 
microscopic-mesoscopic entangled state is the so-called 



If the interaction time ts = ^ / gB is taken, the final state 
will be 

-4(|0>a|1>b + |1>a|0)b)|->, (12) 



Schrodinger cat state. After an interaction time tA in 
cavity A, the atom enters cavity B. It will also undergoes 
the dynamics of Eq. ([5|). After a time ts, the system 
consisting of the two cavities and the atom will evolve 
into 

-L(\+)\a) A \(3) B + \-)\-a)A\-p)B), (7) 

with j3 = — i<7sts/2 for the case of 5b = 0. Equation 
((7|) describes a tripartite entangled state involving one 
microscopic and two mesoscopic systems. If we measure 
the atomic state in the bare basis {\g), |e)}, we can obtain 
the entangled coherent states of the fields in the interac- 
tion picture 

^ <sr± B (\a) A \P)B±\-a)A\-p)B), (8) 
where J^ab ^ s ^ rie normalized factor. It has been shown 
that these states can be utilized as an important tool 
in the field of quantum information. Here we propose 
to generate the entangled coherent states between two 
distant resonators. 

We next show that using the interaction described by 
Eq. ([3]) one can generate the maximally entangled state 
1/-v/2(|0)a|1)b + |1)a|0)b) between the two cavities. If 
we choose 5j — 2Qj and \Sj\ ^> gj, then we can bring the 
Hamiltonian © to the JC interaction in the |±) atomic 
dressed basis 

H/ C = |(|+)(-^ + |-)(+|aV). (9) 

Assume at t = 0, the system stays in |+)|0) j 4|0)b. Then 
after an interaction time tA = n/(2gA) in cavity A, the 
system will evolve into 

^(l+>|0>A-i|-)|l)A)|0) B . (10) 

Subsequently, the atom enters cavity B, and undergoes 
the dynamics of Eq. J9J. Then the atom-field state will 
be 



(11) 



where a common phase factor —i has been discarded. 
Clearly, at this time the atomic state has been factorized 
out and the modes of two distant cavities end up in the 



-^(cos( 5B i/2)|+)|0) s - is in(g B t/2)\-)\l) B )\0) A - A=\-)\1)a\ 
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EPR pair state [23 



■±=(\0)a\1)b + \1)a\0)b). 



From the viewpoint of quantum information, this is a 
maximally entangled state of two qubits stored in the 
modes of two distant cavities. 

Now we consider the case of generating the entangled 
state 1 / a/2 ( |0)^|0)s — between the two cavities . 

If we choose 5 a = 20 a and \5a\ 3> gA, then we can realize 
the JC interaction in cavity A, which is described by Eq. 
©. However, in cavity B, we need the AJC interaction, 
which requires the relation 5 b = — 2f2# and \Sb\ 9b 
be chosen. Then we can bring the Hamiltonian ([3]) to the 
AJC interaction in the |±) atomic dressed basis 
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AJC - g 4(\-)(+\a B 
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The brief idea of producing the target entangled state is 
as follows. We send a Rydberg atom preparing in state 

(13) W cavr ty A and make it undergo the dynamics gov- 
erned by the JC interaction. After an interaction time 
tA = tt/(23a), the atom is allowed to enter cavity B, un- 
dergoing the dynamics governed by the AJC interaction 
of Eq. (fT4|) . If we take ts = ft/gB, the final state for the 
cavity modes will be 1/V2(|0) A |0) S - • 

In order to illustrate the idea explicitly, we employ the 
time evolution operator approach. Assume that at t = 0, 
the system is in state | +) 1 0)^4 10)^. At the stage of the 
atom interacting with cavity A, the system is governed 
by the interaction of Eq. Then after an interaction 
time tA = T^l^gA) m cavity A, the atom-field state will 
be the same as equation (1101) . Subsequently, the atom 
enters cavity B, and undergoes the dynamics of Eq. (|14jl . 

(14) Then the atom-field state will be 



^\-)\Q)a\0)b - ^=(co S (g B t/2)\-)\0)B - isin(gBt/2)\+)\l)B)\l)A■ 



V2 , 



V2' 



(15) 
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If the interaction time ts 
will be 

1 



t/ 9 b is taken, the final state 



_(|0) A |0) fl -|l) j4 |l) fl )|+) 



(16) 



The atomic state has been factorized out and the modes 
of two distant cavities end up in the following entangled 
state 
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(|o)a|o)j 
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(17) 



This state is also a maximally entangled state. Together 
with state ([TB")) . they form two of the well-known Bell 
states. These states have both fundamental applica- 
tions in quantum mechanics and practical applications 
in quantum information processing. 

It is necessary to analyze the proposal requirements. 
To realize this scheme, a two-level atom needs to sequen- 
tially interact with two distant cavities. To generate the 
entangled coherent states of two cavity modes, the initial 
states of the atom and two cavities have only to be the 
ground states. After the atom leaves cavity B, a tripar- 
tite entangled state involving one microscopic and two 
mesoscopic systems has been prepared. One needs to 
measure the atomic state in the bare basis to obtain the 
entangled coherent states between two cavities. There- 
fore, to realize this protocol requires that the atom and 
two cavity modes should not decay during this process. 
One can control the interaction time of the atom with the 
two cavities in experiments and implement this proposal 
in the strong coupling regime to meet the requirements. 



In fact, from the expressions for the parameters a and f3, 
we know that the total time for preparing the target en- 
tangled states is determined by both the interaction time 
tA^B and the coupling strengths gA,gB- In the case of 
generating Bell states, the preparation time should be 
within the decay time of the atom and the two cavities 
as well. However, in this case the interaction time (the 
preparation time) is related to the coupling strengths. 
One needs to suitably control the interaction time to im- 
plement this protocol. Another requirement for produc- 
ing Bell states is at the beginning of the experiment, the 
atom needs to be prepared in the coherent superposition 
state |+> = l/\/2(|.g) + |e)), which can be produced by 
applying a n/2 pulse to the atom before entering the cav- 
ity [§]. 

We consider some experimental matters. For a poten- 
tial experimental system and set of parameters in mi- 
crowave resonators [9j , the atomic configuration could be 
realized in Rydberg atoms. We choose the single photon 
dipole coupling strength as gA^gB— 9/{2tt) ~ 50 kHz 
9]. Then for generating entangled coherent states, the 
preparation time is about T ~ 0.06 ms with averaged 
photon number |a| = \[3\ — 5 in each cavity. In the case 
of producing Bell states, the preparation time is about 
T ~ 0.02 ms. These results are in line with the current 
experimental setups. Resonators stable over 100 ms have 
been reported recently [24]. The radiative life time for 
Rydberg atoms is about T a ~ 30 ms @. Therefore, the 
time needed to complete the procedure is much shorter 
than the decay time of the atom and the cavities. 

In conclusion, we have proposed a scheme for the gen- 



4 



eration of two-mode entangled states between two sepa- 
rated cavities. It relies on a two-level atom sequentially 
coupling to two high-Q cavities with a strong classical 
driving field. We demonstrate that by suitably choosing 
the intensities and detunings of the fields and coherent 
control of the dynamics, several different entangled states 
such as entangled coherent states and Bell states can be 



produced between the two cavity modes. With presently 
available experimental setups in cavity QED, the realiza- 
tion of this proposal is feasible. 
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